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Abstract
We study the time delay between successive relativistic images in gravitational lensing as a possible
discriminator between various collapse end states and hence as a probe of cosmic censorship. Specifically we
consider both black hole and naked singularity spacetimes admitting photon spheres where an infinite number
of relativistic Einstein Rings can be formed at almost the same radius and naked singularity spacetimes
without a photon sphere where multiple relativistic Einstein Rings can form almost up to the center of
the lens. The metrics we have considered to sample these scenarios are the Schwarzschild black hole,
Janis-Newman-Winicour (naked singularity with photon sphere), Joshi-Malafarina-Narayan, and Tolman-
VI (naked singularities without photon sphere) which are a fair sample of the theoretical possibilities.
We show that the differential time delay between the relativistic images for naked singularities without a
photon sphere progressively decreases for the models we study as opposed to that for black holes and naked
singularities with a photon sphere, where it is known to be roughly constant. This characteristic difference
in the time delay between successive images for these two cases can be potentially exploited for a source with
known intrinsic variability to discriminate between these scenarios even when the images are not spatially
resolved.
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I. INTRODUCTION
Gravitational lensing is a powerful astrophysical as well as cosmological probe to study the lens
object, and the source as well as the background geometry and it indirectly serves as a probe of
gravitational physics. Gravitational lensing can help us to detect or infer the existence of exotic
objects in the universe. When the lens is a very compact object (e.g. a black hole or the alternative
end states of collapse), light rays can probe the strong gravitational field produced by them and
gravitational lensing becomes a powerful probe of physics in strong gravity regime. If the lens
is compact enough and light rays can explore spacetime close enough to it, then the deflection
angle can become more than 2pi [1, 2]. Moreover propagation of light in the vicinity of black holes
or compact enough objects leads to interesting signatures in the apparent position and flux of
images for sources near (and orbiting) such objects [3–5]. These signatures constitute important
strong field tests of General Relativity. For faraway sources lensed by a compact object, when the
deflection angle exceeds 2pi, two sequences of images are formed on different sides of the lens due to
photons which undergo one or more turns around the lens (the deflection angles are close to 2pi, 4pi
etc.) in addition to two (far-field) images of the source formed due to photons which undergo a
small deflection (the so-called primary and secondary images). These additional images are called
relativistic images, the phenomenon is called relativistic lensing [6, 7].
One of the exciting questions that the phenomenon of relativistic lensing can help us address
is Cosmic Censorship conjecture [8] and the related questions of the end state of gravitational
collapse and the final fate of massive stars [9]. Cosmic censorship conjecture, viz. the proposal
that naked singularities do not occur in nature, still remains an open issue. On the other hand it
has been shown that both black holes and naked singularities can form in gravitational collapse of a
matter cloud (obeying certain energy conditions for physical reasonability) starting from a regular
initial data [10–12]. For example, while homogeneous dust collapse always results in a black hole,
inhomogeneous dust collapse with a decreasing density profile away from the center can result in
both black holes and naked singularities as endstates [10]. A similar conclusion follows from the
study of more complex scenarios with the inclusion of pressure. There remains still the question
of whether one needs finely tuned initial data to form naked singularities. Strictly restricting
to a spherically symmetric collapse, one does have a concrete realization of naked singularity
formation without the need of fine tuning initial data. The general relativistic Larson-Penston
solution, which is obtained without fine-tuning in the spherically symmetric collapse of a perfect
fluid with a soft equation of state (p = kρ for 0 < k ≤ 0.03) [13] is stable against spherical
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linear perturbations and describes the formation of a naked singularity for 0 < k < 0.0105, ie for
an extremely soft equation of state [14, 15]. Furthermore it was shown in [16] that for spherically
symmetric gravitational collapse of a general Type I matter field, when the effects of small pressure
perturbations in an otherwise pressure-free collapse scenario is taken into account, both black holes
and naked singularities are generic (for suitable definition of genericity) outcomes of a complete
collapse. Non-spherical collapse has also been studied (see [11] and references therein); but it is
fair to say that a lot needs to be done before a conclusion can be arrived at for fine tuning issues
in non-spherical collapse scenarios. However one can adopt the point of view alluded to in [11]
that ‘if cosmic censorship is to hold as a basic principle of nature, it better holds in spherical class
too’ and consider it worthwhile to investigate astrophysical implications of naked singularities. We
must, all the same, mention that the examples studied here are toy models and we hope that it
captures qualitatively the basic physics so as to guide future explorations.
A lot of black hole candidates (compact,dark, heavy objects) have been discovered observation-
ally and most likely they are indeed black holes [17]. However in the absence of concrete theoretical
reasons to rule out a naked singularity and in the face of our relative ignorance of the behavior of
matter in an extremely high density configuration which is reached towards the end of the gravi-
tational collapse of a massive stars, one can take a phenomenological approach, i.e., compute the
signatures of the naked singularities and confront them with observations. Gravitational lensing
signatures of naked singularities will then be very useful in this regard. With this philosophy,
Virbhadra,Narasimha and Chitre [18] and later Virbhadra and Ellis [7] and Virbhadra and Kee-
ton [19] have studied and compared gravitational lensing by Schwarzschild black holes and by the
Janis, Newman, Winicour naked singularities (JNW solution). Gravitational lensing by a rotating
version of the JNW naked singularity has been studied in [20]. Extending the same line of work,
we have recently studied a class of naked singularity solutions obtained as the end state of certain
dynamical collapse scenarios for a fluid with only tangential pressure [21]. In this work, we take
this program further to study a generalization of this model ,i.e., an analogous scenario for a fluid
with non-zero radial as well as tangential pressure, to examine if the earlier conclusions obtained
for the tangential pressure case also generalize qualitatively. Furthermore we focus on the role of
time delay in relativistic lensing from this perspective by studying the time delay between relativis-
tic Einstein Rings for all the above mentioned solutions. It is worth noting here that apart from
lensing, accretion disk properties have also been explored recently as a probe of cosmic censorship
[22, 23].
As we have discussed earlier in the strong gravity regime, like a black hole, the bending angle
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could be more than 2pi and multiple relativistic images might be formed. In the case of the
formation of multiple images, the light-travel time along light paths corresponding to different
images is different. Therefore, if the background source in the lens system were to be variable,
this variability will not appear simultaneously in the images. So, intrinsic luminosity variations
of the source manifests in the images as a relative temporal phase which is expected to depend
on the lens geometry and lensing configuration. The time lag for the appearance of the intrinsic
variability between the multiple images is called the time delay. Time delay has a privileged status
among lensing observable in the sense that it is the only dimensional observable and as such is
the only observable sensitive to the overall scaling of all the distance scales in the problem. The
observed configuration in the sky imposes dimensionless constraints only, but time delay introduces
a physical scale in the system. That makes it a useful probe of the mass of the lens as well as the
distances between lens and observer etc. In cosmological contexts, it has been argued to be a probe
of the Hubble parameter [24, 25]. In the conventional post-Newtonian approximation, the difference
in the light-travel time can be decomposed into a geometrical component due to difference in the
path length and a potential component due to the different Newtonian gravitational potential felt
by the photon. Time delay between far field images is a probe of the so-called ‘effective distance’
of the system and can be a probe of cosmological parameters [26]. Time delay between relativistic
images for black hole has been suggested as a distance estimator [27]. In this paper we focus
on time delay as a discriminator between black holes and naked singularities. For this we study
Schwarzschild black hole, JNW naked singularity, JMN solution and Tolman-VI solution. The
last two solutions have been shown to be obtainable as collapse end states [23, 28]. Time delay
between relativistic images have previously been studied for Schwarzschild black hole in [6] and in
general for spacetimes with photons spheres in [27] (which includes black holes and Weakly Naked
Singularities, as we will see later). The present study complements these by computing time delay
between relativistic images for Strongly Naked Singularities, ie., naked singularities not covered by
photon sphere. To give a feel for the numbers, we consider both the case of super massive objects
at galactic centers (most likely super massive black holes [29]) as well as 100M⊙ objects in our
galaxy.
This paper is organized as follows. In section II we briefly discuss lensing formalism and in
section III we introduce the spacetimes we are going to study. In section IV we discuss the
photon spheres in these spacetimes and in section V we discuss possibility of relativistic lensing
and the basic features of relativistic images. Then in section VI we discuss Einstein Rings and
section VII we present a discussion of time delay between the Einstein Rings for various scenarios
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under consideration and highlight the main differences between black holes and strongly naked
singularities. Finally we conclude with a discussion of main results in VIII. We work in units of
c = 1 and G = 1 through out the paper.
II. LENSING FORMALISM
In this section we briefly review the gravitational lensing formalism [7, 18] We consider a spher-
ically symmetric, static and asymptotically flat spacetime to be thought of as gravitational lens.
Source and observer are assumed to be sufficiently away from the central region. There are two im-
portant parts to the lensing formalism. First one is the lens equation which relates image location
to the source location given the deflection angle and this is essentially a geometrical relation written
down taking advantage of asymptotic flatness. For a very nice discussion on various lens equations
in literature, refer to [30]. The second part is the calculation of deflection angle which is computed
by integrating the null geodesics. It is through this deflection angle that General Relativity enters
into picture for calculation of lensing observables such as image position and magnification.
We use the Virbhadra-Ellis lens equation [7] which is given by the following expression.
tan β = tan θ − α (1)
where
α =
Dds
Ds
[tan θ + tan (αˆ− θ)] (2)
where θ, β denote the image location and source location respectively (see Fig 1). We also have
sin θ = JDd where J is the impact parameter.
The general form of the metric is given by
ds2 = −g(r)dt2 + 1
f(r)
dr2 + h(r)r2dΩ2 (3)
The total deflection suffered by the light ray as it travels from source to observer is given by
αˆ (r0) = 2
ˆ
r0
∞( 1
f(r)h(r)
)1/2 [( r
r0
)2 h(r)
h(r0)
g(r0)
g(r)
− 1
]−1/2
dr
r
− pi, (4)
where r0 is the distance of closest approach. The relation between impact parameter and the
distance of closest approach is given by J = r0
√
h(r0)
g(r0)
.
Image location θ is obtained by solving the lens equation for the fixed value of source location
β. The magnification is defined as
µ ≡
(
sin β
sin θ
dβ
dθ
)−1
. (5)
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FIG. 1: Len Diagram: Positions of the source, lens, observer and the image are given by S, L, O and I.
The distances between lens-source, lens-observer and source-observer are given by Dds, Dd and Ds. The
angular location of the source and the image with respect to optic axis are given by β and θ. The impact
parameter is given by J .
which can be broken down into the tangential and radial magnification in the following way.
µt ≡
(
sin β
sin θ
)−1
, µr ≡
(
dβ
dθ
)−1
(6)
Singularities of the tangential and radial magnification give tangential and radial critical curves
and caustics. We discuss time delay separately in section VII.
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III. SPACETIMES UNDER CONSIDERATION
We will be considering static spherically symmetric spacetimes for simplicity. Under these
assumptions the simplest black hole solution is the Schwarzschild solution which is given by
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2 (7)
where M is the Schwarzschild mass. A naked singularity solutions which has been studied in
literature is the JNW solution [7, 18]. It is a solution of Einstein equations with a minimally
coupled massless canonical scalar field and is parametrized by two parameters, mass M and scalar
charge q. The solution can be written as
ds2 = −
(
1− b
r
)ν
dt2 +
(
1− b
r
)−ν
dr2 +
(
1− b
r
)1−ν
r2dΩ2 (8)
where b = 2
√
M2 + q2 and ν = 2Mb .
Because of the absence of analogues of black hole uniqueness theorems for naked singularities,
it becomes necessary to study other possible naked singularity solutions in order to properly gauge
the prospects of any observational probe (like gravitational lensing) for shedding light on cosmic
censorship question. Below we describe two naked singularity solutions which, unlike the JNW
solution described above, have been shown to be obtainable as collapse end states [23, 28] . Ad-
mittedly these too are toy models, but study of these solutions can be thought of as a step in the
direction of study of more realistic models where by realistic we mean a naked singularity solution
generated by a well motivated source, possibly taking into account deviations from spherical sym-
metry in the form of higher multipoles (which becomes important because of absence of analogues
of black hole uniqueness theorems for naked singularities), and shown to be stable under linear
(and non-linear) perturbations etc. Unfortunately such analytic solutions are hard to find or con-
struct. One can then investigate various toy model scenarios to gather some idea of what is to be
expected in a ‘realistic’ scenario. This is expected to provide valuable insights as far as qualitative
features are concerned. JNW solution mentioned above, which is well studied in literature from
lensing perspective [7, 18] is one such toy model as are the two solutions we describe below. One
can hope that these examples capture most of the essential features of a realistic model at least for
spherically symmetric situation and observational features would generalize qualitatively.
One of the examples is the JMN naked singularity which was shown to be obtainable as as the
end state of dynamical collapse from regular initial conditions for a fluid with zero radial pressure
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but non-vanishing tangential pressure [28] and was studied in [21] from lensing perspective. The
interior region in this spacetime is described by the metric
ds2e = −(1−M0)
(
r
Rb
) M0
1−M0
dt2 +
dr2
1−M0
+ r2dΩ2. (9)
The solution has a naked singularity at the center and matches to a Schwarzschild spacetime across
the boundary r = Rb with the Schwarzschild mass given by M =
M0Rb
2 . There are two parameters
in the solution, M0 which is a dimensionless parameter and, M ehich is the Schwarzschild mass.
We must have 0 < M0 < 1 for satisfying the condition that sound speed inside the cloud is always
positive and less than speed of light [28]. As mentioned before, the radial pressure of the interior
fluid is zero and the tangential pressure pt is related to energy desity ρ as
pt =
M0
4(1 −M0)
ρ (10)
Thus tangential pressure is linearly related to energy density. Both energy density and tangential
pressure fall off as 1/r2. In addition to these, the fourth example that we consider in this paper
is a static perfect fluid sphere solution given by Tolman [31] which also happens to be obtainable
as collapse end state [23]. We note here that basic features of accretion disks in JMN and above
Tolman solution was studied and contrasted with black hole case in [28] and [23] respectively. Below
we describe the Tolman solution (henceforth to be referred to as Tolman-VI solution) briefly.
The metric in the interior is given by
ds2e = −(Ar1−λ −Br1+λ)2dt2 + (2− λ2)dr2 + r2dΩ2 (11)
which has a central singularity and is matched to a Schwarzschild spacetime via C2 matching. The
number of parameters describing the solution as written above is 5 viz,A,B, λ (which characterize
the fluid via its pressure and energy density) M the Schwarzschild mass and Rb, the boundary of
the cloud which is the matching radius. However three matching conditions,viz, matching of grr,
gtt and pressure across the boundary, reduce the number of independent variables to 2 and we take
λ and M as the independent variables. Then we have
Rb =
2M(2 − λ2)
1− λ2 (12)
A =
(1 + λ)2
4λ
√
2− λ2
(
2M(2− λ2)
1− λ2
)λ−1
(13)
B =
(1 + λ)2
4λ
√
2− λ2
(
1− λ
1 + λ
)2(2M(2− λ2)
1− λ2
)−λ−1
(14)
By imposing the condition that sound speed inside the cloud is always positive and less than speed
of light ie cs < 1 one gets a bound on physically admissible range of λ,viz, λ ∈ (0, 1)[23]. The
interior fluid has pressure p and energy density ρ related as
p =
1
1− λ2
(1− λ)2 − (1 + λ)2r2λ(B/A)
1− r2λ(B/A) ρ (15)
which upon using matching conditions becomes
p =
(1− λ)2
1− λ2
1−
(
r
Rb
)2λ
1−
(
r
Rb
)2λ (
1−λ
1+λ
)2 ρ (16)
Both energy density and pressure fall off as 1/r2 near center and far off.
For convenience we introduce dimensionless variables (scaling all quantities by 2M) x ≡ r2M ,
a ≡ A
(2M)−1+λ
, b ≡ B
(2M)−1−λ
. The dimensionless boundary radius is then given by
xb ≡ Rb
2M
=
2− λ2
1− λ2 (17)
which means that the compactness of the solution 2MRb is determined by λ alone. Similarly a and b
are also determined by λ. For convenience again we define κ ≡ ba . One then gets
a =
(1 + λ)2
4λ
√
2− λ2
(
2− λ2
1− λ2
)λ−1
(18)
κ =
(
1− λ
1 + λ
)2(1− λ2
2− λ2
)2λ
(19)
IV. PHOTON SPHERE
One important question for relativistic lensing is the presence/absence of photon sphere. The
deflection angle diverges in the limit where distance of closest approach approaches the radius of
photon sphere. In fact it diverges logarithmically as demonstrated by Bozza [32]. Photon sphere
is a time-like hypersurface generated by circular closed null-geodesics in the spacetime. So it can
be obtained by solving for r = constant null-geodesics or in other words for the minima/maxima
for effective potential for photons which as has already been mentioned is given by equation 20.
Alternatively Photon sphere can also be defined as a time-like hypersurface r = rph such that the
deflection angle becomes infinity when the closest distance of approach r0 tends to rph [7]. The
equation of the photon sphere for metric given by 3 can be written as
g(r)′
g(r)
=
h(r)′
h(r)
+
2
r
(20)
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where ′ denotes derivative with respect to r. For a generalization of the concept of photon sphere to
arbitrary spacetime see [33]. It can be argued that any spherically symmetric and static spacetime
that has a horizon and is asymptotically flat for r → ∞ must contain a photon sphere [34] and
hence any black hole will always give rise to relativistic deflection and relativistic images. On the
other hand a naked singularity may or may not have a photon sphere surrounding it and although
a photon sphere guarantees relativistic images, one may or may not form relativistic images in the
absence of photon sphere. Depending on whether or not the naked singularity is surrounded by a
photon sphere Virbhadra and Ellis [7] classified the naked singularities as weakly naked singularity
(WNS) and strongly naked singularity (SNS). The ones surrounded by photon sphere are called
weakly naked (WNS) while those not surrounded by photon sphere are referred to as strongly
naked (SNS). The spacetimes we study in this paper include examples of black holes, SNS and
WNS giving rise to relativistic images. We wish to clarify here that this terminology should not
be confused with classification of naked singularities into ‘strong curvature singularity’ and ‘weak
curvature singularity’ on the basis of extendibility of spacetime through the singularity [10].
We also note here that for the definition presented in [7] it is, in principle, possible to have a
WNS with multiple photon spheres. For example one could have a stable photon sphere interior to
the outer unstable photon sphere. In such cases one can have null geodesics coming from infinity,
going inside the photon sphere and coming back to infinity as is easy to see from the effective
potential for photons in such spacetimes. Also there could be multiple photon sphere spacetimes
[35]. For such cases lensing signature is expected to be different from the single photon sphere
and we briefly comment on this point in section V. The WNS spacetimes studied in this paper do
not come in this category and always have a single photon sphere and the statements we make for
WNS case henceforth shall consider such cases only.
For the Schwarzschild geometry the equation of the photon sphere is satisfied at x =
3/2 where x = r/2M . In any metric matched to Schwarzschild exterior (which is the case for both
JMN and Tolman-VI metric that we are studying), the presence of photon sphere in Schwarzschild
exterior depends on the dimensionless matching radius xb. Clearly if and only if xb < 3/2, the
exterior photon sphere will be present. For JMN metric this condition translates to M0 > 2/3.
Also as was discussed in [21] the interior solution has no photon sphere when M0 6= 3/2. Thus
JMN metric has a photon sphere in the Schwarzschild exterior if M0 > 2/3 and no photon sphere
otherwise 1 On the other hand for Tolman-VI metric, using λ ∈ (0, 1) and 17 one gets Rb > 4M
1 We neglect the slightly unusual caseM0 = 2/3 for which there is (neutral) photon sphere at every radius inside
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FIG. 2: Schematic photon trajectory for relativistic deflection in spacetime with photon sphere with both
axes plotted in Schwarzschild units (photon sphere is given by the thick orange circle; in the two-loop case
the second loop is virtually indistinguishable from the photon sphere)
which implies xb > 2 > 3/2. So in no regime of parameter space for this geometry one can have a
photon sphere in exterior Schwarzschild spacetime. The condition for existence of photon sphere
inside the cloud reduces to x2λ = −ab and owing to positivity of a and b there is no photon sphere
in the interior geometry either. Thus there is no photon sphere in this geometry for any value of
allowed parameter range. In JNW solution for low scalar charge q/M ≤ √3 one has photon sphere
and hence is an example of a weakly naked singularity [18]. In this paper we will not be con-
cerned with the case q/M >
√
3 as we want to use JNW solution to illustrate the case of a Naked
Singularity with photon sphere. JMN for M0 > 2/3 is lensing signature-wise exactly identical to
Schwarzschild as discussed in ref [21] and won’t be considered here. Both JMN for M0 < 2/3 and
Tolman-VI serve as examples of strongly naked singularities, i.e., naked singularity without photon
sphere.
In figure 2 we show schematically the photon trajectory for photons traveling in loops in space-
time with photon sphere. As one can see the successive loops are anchored on the photon sphere.
In contrast we show the photon trajectory for photons traveling in loops in spacetime without
photon sphere in figure 3. This picture will help in an intuitive understanding of the differences in
time delay results we discuss later.
the cloud.
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FIG. 3: Schematic photon trajectory for relativistic deflection in spacetime without photon sphere with both
axes plotted in Schwarzschild units
V. RELATIVISTIC DEFLECTION AND IMAGES
Using formula 4 , the deflection angle in Schwarzschild in terms of dimensionless variables is
given as
αˆ (x0) = 2
ˆ
x0
∞
(
1
1− 1x
)1/2(
x
x0
)2 [( x
x0
)2(1− 1x0
1− 1x
)
− 1
]−1/2
dx
x
− pi (21)
and
sin θ =
2M
Dd
x0√
1− 1x
(22)
allows us to express deflection angle as a function of image location αˆ(θ). For corresponding
expressions in JMN refer to [21]and for JNW to [7]. For Tolman-VI we have for x0 < xb
αˆ (x0) = 2
ˆ xb
x0
(
2− λ2)1/2

( x
x0
)2(x1−λ0 − κx1+λ0
x1−λ0 − κx1+λ
)2
− 1


−1/2
dx
x
+2
ˆ ∞
xb
(
1
1− 1x
)1/2 [(
x
x0
)2 a2(x1−λ0 − κx1+λ0 )2
1− 1x
− 1
]−1/2
dx
x
− pi (23)
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and
sin θ =
2M
Dd
x0
a(x1−λ0 − κx1+λ0 )
(24)
where a and κ are given by 19
It was shown in [21] that in JMN metric the parameter range when there is relativistic deflection
is given as M0 > 0.475. Indeed for M0 > 2/3 there is photon sphere and deflection angle becomes
infinite. In Tolman-VI solution however there is no photon sphere. But it turns out that the
maximal deflection becomes > 2pi for λ . 0.44 or equivalently xb < 2.25
The relativistic images for metric having a photon sphere are clumped together around the
angular location of photon sphere and successive images are exponentially demagnified [32]. This
holds true for both the Schwarzschild and the JNW metric (in an appropriate parameter range
where there is a photon sphere). So there is a forbidden angular region in which no images can
form and the critical angle corresponds to the angular location of the photon sphere. This is true
only if there is a single (unstable) photon sphere in the spacetime. For multiple photon spheres
one can have additional images corresponding to light rays that go inside the outer photon sphere
and turn back and so the lensing signature is expected to be qualitatively different. While this is
an interesting avenue for further study, we do not consider such cases in this paper.
In the absence of photon sphere, for example in the JMN metric when M0 < 2/3, the images
are better separated and although highly demagnified, the magnification is of the same order of
magnitude for successive images as demonstrated in [21] . We simply note here that both these
features qualitatively generalize for the Tolman-VI metric despite quantitative differences and the
numbers involved are in the same ballpark. As it is not very enlightening, we forgo the presentation
of image positions and magnifications for Tolman-VI metric. Also as with the JMN metric the
deflection angle monotonically increases with decreasing impact parameter and consequently for
reasons presented in [21] there are no radial critical curves in Tolman-VI solution.
VI. EINSTEIN RING
If the source, the lens, and the observer lie on a single straight line, i.e., in the so-called aligned
configuration, a circular image pattern known as the Einstein Ring (ER), is formed. The rings
formed by photons which have been deflected by 2pi, 4pi etc are referred to as relativistic rings. For
Schwarzschild and weakly naked JNW cases, there are in principle infinite number of relativistic
ERs and they are located very close to angular location of photon sphere. This is called the critical
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angle θcrit, and angular location of all images has to be greater than θcrit . For a Schwarzschild
black hole 4× 106M⊙ at 8.5 kpc one gets θcrit ∼ 24.1 microarcseconds and for 100M⊙ at 1 kpc one
gets θcrit ∼ 5.1 nanoarcseconds. In contrast, for SNS, ER and images are formed below the critical
angle for corresponding Schwarzschild black hole, and are reasonably well separated. In table I
and II, we show angular location of Relativistic ER for 4× 106M⊙ at 8.5 kpc and for 100M⊙ at 1
kpc respectively for both SNS metrics studied in the paper.
TABLE I: Angular location of relativistic ER for 4× 106M⊙ at 8.5
kpc for both SNS metrics studied in the paper:θ is in microarcsec-
onds
ER JMN(M0 = 0.63) JMN(M0 = 0.615) Tolman-VI (λ = 0.13) Tolman-VI (λ = 0.14)
I 23.96 23.38 14.90 14.83
II 20.76 16.50 7.87 7.59
III 15.26 5.96 4.33 3.89
IV 8.17 * 1.90 *
TABLE II: Angular location of Relativistic ER for 100M⊙ at 1 kpc
for both SNS metrics studied in the paper:θ is in nanoarcseconds
ER JMN(M0 = 0.63) JMN(M0 = 0.615) Tolman-VI (λ = 0.13) Tolman-VI (λ = 0.14)
I 5.09 4.96 3.16 3.15
II 4.41 3.51 1.67 1.61
III 3.24 1.26 0.92 0.82
IV 1.73 * 0.40 *
In next section we compute and analyze the time delay between relativistic ERs for these
spacetimes.
VII. TIME DELAY
The coordinate time taken by the photon to travel from r0 to r is given by
t(r, r0) =
ˆ r
r0
√
1
f(r)g(r)
1√
1− h(r0)r20h(r)r2
g(r)
g(r0)
dr (25)
Let Rs and Ro be, the radial coordinates of the source and the observer measured from the center
of lens. In dimensionless units they are given as
χs =
Rs
2M
and χo =
Ro
2M
. (26)
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TABLE III: Time delay formulas (in Schwarzschild units) for spacetimes under study
SpaceTime Time Delay Formulae (Dimensionless)
Schwarzschild τ(x0) = 2
´ χo
x0
1
1− 1
x
1√√√√1− x20
x2
(1− 1x)
(1− 1x0 )
dx
JMN τ(x0) = 2
´ xb
x0
1√
(1−M20 )(xM0)
γ
1√
1−
x20
x2
xγ
x0γ
dx+ 2
´ χo
xb
1
1− 1
x
1√
1−
x2
0
x2
(1− 1x )
(1−M0)(x0M)
γ
dx
Tolman-VI τ(x0) = 2
´ xb
x0
1√
(1−M20 )(xM0)
γ
1√
1−
x20
x2
xγ
x0γ
dx+ 2
´ χo
xb
1
1− 1
x
1√
1−
x2
0
x2
(1− 1x )
(1−M0)(x0M)
γ
dx
JNW τ(x0) = 2
´ χo
x0
1
(1− 1νx )
ν
1√√√√1− x20
x2
(1− 1νx )
(1− 1νx0 )
dx
From geometry of the configuration we can write χs and χo in terms of distances and angles
involved as [19]
χs =
Ds
2M
√(
Dds
Ds
)2
+ tan2 β,
χo =
Dd
2M
, (27)
As we are concerned with ER only, we take β = 0. Then as we takeDdsDs =
1
2 , we have χs = χo and
equivalently Ro = Rs. Now time difference between mth and nth relativistic ER is given by
∆tm,n = 2t(R0,r0m)− 2t(R0,r0n) (28)
where r0m is the distance of closest approach corresponding to mth relativistic ER. Scaling by
Schwarzschild time and writing in dimensionless units τ = t2M and for notational simplicity writing
τ(χo, x0) as τ(x0) we list below we list the time delay formulas for cases under study in table III
The time delay in terms Schwarzschild time is given as
∆τm,n = τ(x0m)− τ(x0n)
Below we highlight the qualitative differences in the behavior of relativistic time delay for
spactimes with a photon sphere from those without one.
A. Singularities with a photon sphere (Black Holes and WNS)
As has been discussed earlier if the spacetime has a photon sphere then there is a forbidden
angular region and all relativistic images are located close to each other and near the angular
location of photon sphere. In this case the time delay between successive relativistic rings is more or
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less constant and is neatly related to light-travel time in a circle on photon sphere. This is intuitive
to understand because in the presence of a photon sphere the light trajectories corresponding to
successive rings differ by one extra nearly circular loop at the photon sphere radius as can be easily
seen from figure 2. Indeed the time delay between ERs is well approximated by
∆tm,n =
2pi(m− n)rph√
g(rph)
= 2pi(m− n)Jph (29)
where rph is radius of photon sphere and Jph is corresponding impact parameter [36]. For
Schwarzschild black hole time delay between successive relativistic ER then becomes roughly
2pi× 3√3M and for JNW it becomes 2pi× 1+2νν
(
1− 21+2ν
) 1−2ν
2
M . For same Schwarzschild mass,
increasing scalar charge decreases the time delay. Thus as with the case for position and magni-
fication of relativistic images in the presence of photon sphere, the time delay is also determined
by the metric near photon sphere and displays certain universal features irrespective of presence
or absence of event horizon. Also as far as observations are concerned, since in such a situation,
higher order relativistic images are clumped together (and excessively demagnified) [32], the rele-
vant observational quantity should be time delay between first and second images. The scenario
becomes different in absence of photon sphere as we discuss below.
B. Singularities without photon sphere (SNS)
TABLE IV: Time delay for 4 × 106M⊙ at 8.5 kpc for both SNS
metrics studied in the paper:∆τ is in second
Time Delay JMN(M0 = 0.63) JMN(M0 = 0.615) Tolman-VI (λ = 0.13) Tolman-VI (λ = 0.14)
∆τ2,1 299.6 272.0 145.8 141.9
∆τ3,2 242.4 151.8 78.8 74.9
∆τ4,3 157.7 * 41.4 *
TABLE V: Time delay for 100M⊙ at 1 kpc for both SNS metrics
studied in the paper:∆τ is in milisecond
Time Delay JMN(M0 = 0.63) JMN(M0 = 0.615) Tolman-VI (λ = 0.13) Tolman-VI (λ = 0.14)
∆τ2,1 7.5 6.8 3.6 3.5
∆τ3,2 6.1 3.8 2.0 1.9
∆τ4,3 3.9 * 1.0 *
In the absence of photon sphere the time delay between successive images is no longer roughly
constant. Explicit calculation for various cases shows that the successive time delays go on decreas-
ing. In table IV and V, we show time delay between Relativistic ER for 4× 106M⊙ at 8.5 kpc and
for 100M⊙ at 1 kpc respectively for both SNS metrics studied in the paper. It remains to be seen
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if this is a feature generic to SNS with monotonic deflection angle. In passing we note that for the
particular cases we have studied here, the successive time delay is lesser for the Tolman-VI case as
compared to the corresponding JMN case, where by corresponding we mean spacetimes admitting
the same maximal deflection and hence the same number of relativistic images and rings. And
also, the time delay is lesser in general than a black hole with the corresponding Schwarzschild
mass. In case the images are expected to be resolved (like the super massive black hole case) the
time delay between first and last images also becomes an observational quantity of interest. One
can expect that to be fairly large if there are a large number of images as successive time delays
will add up. But the decreasing trend in successive time delays compensates for this phenomenon
to some extent. For the super massive black hole case the time delay is of the order of seconds.
For 100M⊙ objects at kpc distances, the time delay becomes of the order of milliseconds. In this
case images are also unlikely to be resolved (separation as discussed earlier being of the order of
nanoarcseconds). But if there is a characteristic variability of the source one might hope to find
signatures in the unresolved image. Relativistic Micolensing studies in such cases might be an
interesting idea to pursue.
VIII. DISCUSSION AND CONCLUSION
In this paper, we have studied the time delay properties of gravitational lenses in strong de-
flection regime when relativistic images can be formed, and its role as an in principle probe of the
cosmic censorship question. Three of the four metrics we have considered in this paper have been
previously explored from relativistic lensing perspective. For the fourth one viz Tolman-VI solution
we find that the basic features for image positions and magnification is similar to JMN case without
photon sphere. Thus the lensing signatures for the JMN case, which happens to be a toy example
of a naked singularity solution obtained as the collapse end state for a fluid with zero radial pres-
sure, qualitatively generalize for an analogous scenario with the inclusion of radial pressure, i.e.,
the Tolman-VI case. We have also presented in this paper the time delay between relativistic ER
for both JMN and Tolman-VI cases both of which serve as examples of SNS and contrasted them
with previously studied examples for relativistic time delay in the literature which, to the best of
our knowledge, have all been either black holes or WNS [6, 27, 37]. We have confirmed that there
are important differences between SNS and WNS for time delays between relativistic images which
we discuss below.
We have used the Schwarzschild black hole, which has a photon sphere at Schwarzschild radius
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of 3M as a standard, against which the time delay difference between successive Einstein Rings
for our cases of interest are compared. For the differential time delay between relativistic images
formed by successive loops made by photon, there is practically no difference between sources along
the optic axis and slightly misaligned ones. Moreover only strongly aligned configurations are of
importance for lensing. Hence, in this work we have presented the relativistic time delay only
between the successive Einstein Rings. This time delay is of the order of a few seconds for the
galactic center super massive object where as it is of the order of milliseconds for 100 solar mass
objects in our galaxy at kpc distance scales.
For the Schwarzschild black holes, the time delay difference is very close to 2pi × 3√3M , which
is 2pi times the critical impact parameter as to be expected. Other spacetimes with photon sphere
will emulate this feature though the time delay difference will be different as it will depend on other
parameters that characterize the spacetime apart from mass. As an example, consider the JNW
metric discussed in section VIIA where this time delay difference decreases with increasing scalar
charge. The contrasting scenario is the case of formation of multiple relativistic Einstein rings in
the presence of naked singularities not covered by photon sphere. Then, the successive Einstein
rings formed for a source close to the optic axis of the lens will have successively smaller impact
parameters. The differential time delay between these rings will progressively decrease as was
shown in section VIIB for two prototype examples. If we were to detect time delay of this nature,
possibly we have a scenario where the cosmic censorship is violated. This requires the images to
be resolved. However, even when the images are not resolved, one can possibly discriminate SNS
from WNS and black holes. This is because an intrinsic source variability will manifest itself in a
characteristic way in the unresolved composite Einstein Ring for black holes and WNS owing to the
(almost) periodic nature of differential time delays (and exponential suppression of magnification
for higher order rings), which can be distinguished from the unresolved composite Einstein Ring
for SNS where no such signature of periodicity is expected. Thus there are important differences in
ratio of time delays between successive relativistic images for spacetimes with photon sphere and
those without photon sphere and this might be helpful in observationally distinguishing SNS from
WNS and black holes. As we have remarked earlier, we have not considered multiple photon sphere
spacetimes in this study and WNS with multiple photon spheres will have signature different from
the WNS studied in this paper.
The observation of relativistic images will be a wonderful test of gravitational physics in strong
field regime. Practical difficulties and technological challenges notwithstanding, VLBI (Very-long-
baseline interferometry) is a promising technique which might in the near future achieve angular
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and time resolution to bring at least some of the questions that relativistic lensing can probe such
as the one that we studied here under observational purview, at least for the galactic central super
massive object [38, 39]. With this in mind it will be useful to study more realistic examples of
naked singularities and under more realistic astrophysical conditions.
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